Abstract. We prove a theorem on the global invertibility of nonlinear maps in metric vector spaces. As corollaries our result yields a theorem of Hernández and Nashed, as well as the classical Banach-Mazur lemma and an invertibility criterion by Browder. Global invertibility, local invertibility, proper maps, ray-proper 
Theorem 1 (see [21). A continuous operator is a global homeomorphism if and only if 'I is a local homeomorphism and proper.
Loosely speaking, this theorem shows that properness is the "missing" property if an operator is only locally invertible, but not globally invertible. Results of this type are not only of theoretical interest, but also important in view of many applications. Thus, to prove the global invertibility of a proper map simply reduces to proving its local invertibility which may often be achieved by quite elementary means (e.g., by the inverse function theorem and its various generalizations, see [5] for example).
The standard first-year calculus example of a local homeomorphism which is not globally invertible is
Of course, the map (1) A further result in this spirit was recently given by J. E. Hernández and M. Z. Nashed [7] . The trivial example X = R and 4)(x) = arctanx shows that the requirement of ray-properness of 4) cannot be weakened to "point-properness" (i.e. the requirement that 4)({y}) be compact for all y e Y).
We illustrate Theorem 3 by a simple but typical example. Let X = Y = C([0, 1]), equipped with the usual max-norm, and let 4) be the linear operator defined by
The range of 4) is the subspace Proof. We have to show that every closed local homeomorphism satisfies condition (b). If y = 9, we simply choose x(i) 0. Let y 54 9. Since is a local homeomorphism with 4(9) = 9, for some e > 0 we can find a unique continuous map x [0, e) -* X satisfying x(0) = 9 and (x(t)) = ty. Let r E (0, 1] be the supremum of all possible e with this property, and let (t) be any sequence in [0, r) converging to T. We claim that (x(t)) contains a convergent subsequence.
In fact, if this is false, then the set A = {x(t) : n E N} is trivially closed and hence also the set cD(A), by assumption. Therefore we have ry E 4)(A) and 4)(x(i)) = t,,y = ry for some n E N. But t,2 <r for all n, hence y = 9 contradicting our assumption on
Y.
Let (t,, )j be a subsequence of (tn)n such that x(t,) -x for some x • E X. Since 4) is continuous, we have 4)(x.) = Ty. But the local invertibility of 4) implies then that x may be defined for some t >r if r< 1. This shows that r = 1, and we are done I Theorem 6. Theorem 4 implies Theorem 3.
Proof. We have to show that every ray-proper locally homeomorphic operator 4) satisfies condition (b). Given y E Y, we define x: [0, r) -* X and (t) as in the proof of Theorem 5. Since 4) is ray-proper, the set 4)([O,y]) is compact, and hence (x(i)) contains a convergent subsequence. The remaining part of the proof is precisely as before I Let us remark that Theorem 4 -in contrast to the theorems of Banach-Mazur, Browder and Hernández and Nashed -is rather an injectivity result than an injectivity and surjectivity result since surjectivity is trivial by condition (b). That means that in order to apply Theorem 4 we need to know the surjectivity of the operator a priori.
We point out that other results in the spirit of Theorem 4 may be proved by means of compactness arguments. If X and Y are finite-dimensional, the properness of a continuous operator 4) : X -* Y simply means that 11 4 ) ( x )11 -, oo as 11x11 -' oo; such operators are usually called coercive. In this case it is a useful device to apply just the classical Banach-Mazur lemma. On the other hand, if X and Y are infinite-dimensional, coercivity does not imply properness, and one has to impose additional conditions on . We give a sample result in this direction. 
